We examine correlations of transverse particle displacements and their relationship to the shear modulus of a glass and the viscosity of a fluid. To this end we use computer simulations to calculate a correlation function of the displacements, S4(q; t), which is similar to functions used to study heterogeneous dynamics in glass-forming fluids. We show that in the glass the shear modulus can be obtained from the long-time, small-q limit of S4(q; t). By using scaling arguments, we argue that a four-point correlation length ξ4(t) grows linearly in time in a glass and grows as √ t at long times in a fluid, and we verify these results by analyzing S4(q; t) obtained from simulations. For a viscoelastic fluid, the simulation results suggest that the crossover to the long-time √ t growth of ξ4(t) occurs at a characteristic decay time of the shear stress autocorrelation function. Using this observation, we show that the amplitude of the long-time √ t growth is proportional to √ η where η is the viscosity of the fluid. The resistance of a rigid body to static, volume preserving stresses implies the presence of long-range correlations [1]. Such correlations are easy to rationalize in crystalline solids, where they originate from spontaneously broken translational symmetry [2]. In contrast, glasses are rigid but their structural properties are very similar to those of fluids. In fact, although long-range density correlations in glasses were predicted on general grounds [3], their detailed characteristics remain elusive. Recent studies have found that dynamics in glass-forming fluids are heterogeneous [4], and that the characteristic size of dynamically heterogeneous regions grows and may diverge upon approaching the glass transition. Theoretical arguments [5, 6] support the presence of the spatially correlated dynamics also in the glass. Outstanding fundamental questions are concerned with the existence of fundamental relations between heterogeneous dynamics and the growing viscosity in glass-forming fluids, and between correlated dynamics and the elasticity of glasses.
We examine correlations of transverse particle displacements and their relationship to the shear modulus of a glass and the viscosity of a fluid. To this end we use computer simulations to calculate a correlation function of the displacements, S4(q; t), which is similar to functions used to study heterogeneous dynamics in glass-forming fluids. We show that in the glass the shear modulus can be obtained from the long-time, small-q limit of S4(q; t). By using scaling arguments, we argue that a four-point correlation length ξ4(t) grows linearly in time in a glass and grows as √ t at long times in a fluid, and we verify these results by analyzing S4(q; t) obtained from simulations. For a viscoelastic fluid, the simulation results suggest that the crossover to the long-time √ t growth of ξ4(t) occurs at a characteristic decay time of the shear stress autocorrelation function. Using this observation, we show that the amplitude of the long-time √ t growth is proportional to √ η where η is the viscosity of the fluid. The resistance of a rigid body to static, volume preserving stresses implies the presence of long-range correlations [1] . Such correlations are easy to rationalize in crystalline solids, where they originate from spontaneously broken translational symmetry [2] . In contrast, glasses are rigid but their structural properties are very similar to those of fluids. In fact, although long-range density correlations in glasses were predicted on general grounds [3] , their detailed characteristics remain elusive. Recent studies have found that dynamics in glass-forming fluids are heterogeneous [4] , and that the characteristic size of dynamically heterogeneous regions grows and may diverge upon approaching the glass transition. Theoretical arguments [5, 6] support the presence of the spatially correlated dynamics also in the glass. Outstanding fundamental questions are concerned with the existence of fundamental relations between heterogeneous dynamics and the growing viscosity in glass-forming fluids, and between correlated dynamics and the elasticity of glasses.
To provide insight to these questions, we examine correlations of time-dependent particle displacements in glasses and glass-forming fluids, using functions originally proposed to study heterogeneous dynamics. We show that, in glasses, these correlations are long-ranged and are related to the shear modulus of the glass. In glass-forming fluids, the displacement correlations provide information about the fluid's viscoelastic response.
Dynamic heterogeneity in simulations is commonly studied by examining a four-point structure factor,
where the weighting function g[δr n (t)] depends on the displacement δr n (t) = r n (t)−r n (0) of particle n between an initial time 0 and a time t, and r n (t) is the position of particle n at t. The weighting function g[δr n (t)] is chosen to examine features of the dynamics. For example, to study spatial correlations of mobility one popular choice [7] is the overlap function, g[δr n (t)] = θ(a − |δr n (t)|), where θ(x) is Heaviside's step function, which selects particles that did not move farther than a from their original positions. With this choice of g[δr n (t)] several studies [7, 8] showed that the four-point structure factor monitored at the relaxation time of the fluid develops a peak at q = 0 that grows upon supercooling. This peak indicates an increasing clustering of slow particles upon supercooling.
Here we study dynamic correlations of time-dependent transverse particle displacements. We choose g[δr n (t)] = r α n (t) − r α n (0) where α is a fixed direction, and we select the direction of q such that it is perpendicular to α. This choice of g[δr n (t)] allows us to establish a direct link between spatially correlated dynamics and the emergence of rigidity. For the rest of this note S 4 (q; t) denotes the four-point structure factor with this weighting function.
We simulated a standard model glass-forming system, a repulsive harmonic sphere mixture [9] , whose properties have been extensively characterized [9, 10] . We give simulation details in the supplemental information. We examined the first four decades of slowing down, which corresponds to temperatures 20 ≥ T ≥ 5 (the modecoupling transition temperature T c = 5.2), and we simulated glasses at T = 3 and T = 2.
In Fig. 1 we show S 4 (q; t) at several different times for a glass at T = 3, a viscous fluid at T = 5, and a moderate temperature fluid at T = 20. These times are indicated on the mean square displacement δr 2 (t) = N −1 n δr 2 n (t) , which is shown in Fig. 1(d) . We note important limiting behaviors of S 4 (q; t). First, due to the momentum conservation lim q→0 S 4 (q; t) ≡ χ 4 (t) = k B T t 2 /m [11] . Second, in the large q limit only 
The mean-square displacement, δr 2 (t) , for T = 3, 5 and 20. The circles indicate times at which S4(q; t) is shown in panels (a-c) where the color of the circles correspond to the times shown in panels (a-c). The upturn of δr 2 (t) at the longest times at T = 3 occurs since our system is aging; with increasing glass annealing time it appears at later and later times. In contrast, the late-time increase of δr 2 (t) at T = 5 is not subject to aging and does not change with increasing equilibration time.
the diagonal terms in Eq. (1) contribute and S 4 (q; t) = δr 2 (t) /3.
For the glass S 4 (q; t) saturates at all the small wavevectors that we can access in our simulation, Fig. 1a . In the t → ∞ limit S 4 (q; t) exhibits a q −2 divergence indicating power law decay of the correlations in direct space. This behavior of S 4 (q; ∞) in the glass can be understood using arguments similar to those presented by Klix et al. [12] . Briefly (see the supplemental material for more details), we start with the transverse cur-
where v n is the velocity of particle n, and v ⊥ n and q are chosen such that v ⊥ n · q = 0. Then, we define a correlation function δu
is equal to lim q→0 S 4 (q; t) if the particles displacements are finite; as they are in the glass. Next, we relate δu
to the transverse current correlation function, C t (q; t) = j ⊥ (q; t)j ⊥ (−q; 0) . For the latter function one can de- rive an exact but formal equation of motion,
In the q → 0 limit ρk B T V q −2 M (q; t) is equal to the shear stress tensor autocorrelation function σ xy (t)σ xy (0) [13] , see Sec. 9.3 of Ref. [14] . Finally, by examining the t → ∞ limit of C t (q; t) and δu
Since the non-decaying part of σ xy (t)σ xy (0) /(k B T V ) is identified with the glass shear modulus µ [12] , we obtain the relation
To test this relation we calculated the shear stress autocorrelation function, Fig. 2 (see the supplemental material for details of the calculation). In the fluid, the autocorrelation function exhibits a two-step decay with an intermediate plateau followed by the final structural relaxation. In the glass, there is no final relaxation (on the time scale of the simulation) and this function develops a non-decaying plateau, which is equal to the shear modulus µ.
Using S 4 (q; ∞) we obtained µ = 0.013 ± 0.001, which compares well with the result µ = 0.012 ± 0.002 obtained from σ xy (∞)σ xy (0) /(k B T V ). As an independent check, we used a standard formula for the shear modulus [15] and obtained µ = 0.010 ± 0.004. These calculations agree to within error, and similar calculations for the glass at T = 2 also agree. We emphasize that the S 4 (q; ∞) calculation is significantly faster than the latter two due to large cancellations involved in the latter calculations. They require simulations that are at least two orders of magnitude longer.
The important difference between our evaluation of the modulus and an earlier calculation of Klix et al. [12] is that our procedure does not require finding average positions of particles during the time t. Our four-point structure factor is well-defined both in the glass and the fluid phase and allows one to distinguish between these phases, which is discussed below.
For a viscous fluid there is an intermediate time window where S 4 (q; t) exhibits features similar to those observed for the glass, Fig. 1b . Specifically, at small wavevectors we see a q −2 dependence of S 4 (q; t) with an approximately time-independent coefficient. We show in the inset in Fig. 1b 
is equal to G p where G p is the amplitude of the stretched exponential fit to the final decay of σ xy (t)σ xy (0) /(k B T V ). Finally, at a moderate temperature S 4 (q; t) increases at all times and wave-vectors, Fig. 1c . Since, the small wave-vector limit of S 4 (q; t) increases with time faster than does the large wave-vector limit, we should expect that a dynamic correlation length defined through the correlations of transverse displacements diverges in the long-time limit.
To examine the dynamic correlation length we first verify a scaling hypothesis. We assume that there exists a function f [·] such that S 4 (q; t)/χ 4 (q; t) ≈ f [qξ 4 (t)] where f (x) = 1 − x 2 for x 1, and f (x) ∼ x −2+σ for x 1. In practice, we determine the dynamic correlation length ξ(t) from the Ornstein-Zernicke fit, f (x) = 1/(1 + x 2 ) for q ≤ 1.0. In the inset to Fig. 1c we show the excellent data collapse that results by plotting S 4 (q; t)/χ 4 (q; t) versus ξ 4 (t)q, thus confirming the scaling. To find σ we fit S 4 (q; t) for 5 ≤ x ≤ 20 for t ≥ 1024 at T = 20 to Ax −2+σ and get σ = −0.23 ± 0.07. In Fig. 3 we show ξ 4 (t) for all T . We find a nearly temperature independent initial linear increase in time followed by an increase as √ t for later times for T ≥ 6. At T = 5 there is a deviation from the linear increase, and we expect that we would observe the √ t dependence if we could calculate S 4 (q; t) for later times, but our system size and simulation length prohibits this calculation. We note that, if calculated at the relaxation time of the fluid (arrows in Fig. 3) , which is around the beginning of the √ t growth, the lengths shown in Fig. 3 are orders of magnitude larger and increase significantly faster with decreasing temperature than any previously studied four- point correlation lengths.
In the glass, the linear growth of ξ 4 (t) with t is related to the shear modulus. Indeed, in order to get a finite lim t→∞ S 4 (q; t) that is inversely proportional to q 2 we need σ = 0 and ξ 4 (t) ∝ t. Furthermore, the relation between S 4 (q; ∞) and the modulus allows us to find the coefficient of proportionality and ξ 4 (t) = t µ/(2ρm). This relation is shown as the solid line in Fig. 3 .
We emphasize that particle displacements in the glass are bounded and, therefore, S 4 (q; t) has a well-defined, finite long-time limit. The long-time divergence of ξ 4 (t) reflects the presence of long-range correlations that have to accompany rigidity [1] .
In analogy with the glass, in the fluid we find that the initial linear growth of ξ 4 (t) is related to the transient elastic response, ξ 4 (t) ≈ t G p /(2ρm). The subsequent crossover to √ t growth should be related to the transient elasticity and the decay of the shear stress autocorrelation function.
The final decay of σ xy (t)σ
. The fits are shown as solid lines in Fig. 2 . In the inset we show that G p exp[−(t/τ σ ) β ] evaluated at the crossover time (marked by crosses) is almost temperature independent and approximately equal to 0.22G p . This observation allows us to relate the final long-time behavior of ξ 4 (t) to the viscosity. Since the final relaxation of the shear stress autocorrelation function is well fit by a stretched exponential, and the viscosity is related to the integral of the shear stress autocorrelation function, then for viscous fluids η ≈ G p τ σ Γ(1/β)/β, where Γ is the gamma function (we have ignored the small, short-time contribution to η). Thus, ξ 4 (t) = tg(β)η/(2ρm) where g(β) is between 1.15 for β = 0.5 and 1.51 for β = 1.0. We show three estimates for final long-time behavior of ξ 4 (t) in Fig. 3 as dashed lines, where we calculated the viscosity from the shear stress autocorrelation function. For T ≤ 6, the stretching exponent β is constant, thus g(β) is independent of temperature and for long times ξ 4 (t) = K √ tη where K is a material dependent constant.
We note that, in the fluid, S 4 (q; t) grows with time without any bound. The divergence of ξ 4 (t) follows from different small and large wavevector time dependences of S 4 (q; t). Its connection to fluid's viscosity is based on an empirical observation and it would be interesting to understand it from a more fundamental perspective.
The above described features of S 4 (q; t) and ξ 4 (t) followed from the exact result χ 4 (t) = k B T t 2 /m, which in turn followed from momentum conservation. For a Brownian system, in which the total momentum is not conserved, χ 4 (t) = 2D 0 t where D 0 is the diffusion coefficient of an isolated particle. Preliminary results indicate that in the long time limit, the small q dependence of S 4 (q; t) for a Brownian glass is identical to that presented here. This is expected since the shear modulus should be a static property of the glass and, thus, independent of the microscopic dynamics. However, for a Brownian fluid we expect that ξ 4 (t) ∝ √ t for short times and that ξ 4 (t) saturates for long times. We note this saturation behavior was found in an earlier study of Doliwa and Heuer [16] in which a direct space analogue of S 4 (q; t) was investigated. However, their study did not connect the time dependence of ξ 4 (t) to a viscoelastic response.
These findings and preliminary results suggest that other four-point correlation functions used to investigate dynamic heterogeneity contain information about the viscoelastic response of glass-forming fluids and the elastic response of glasses. Indeed, if one uses the microscopic self-intermediate scattering function, g[δr n (t)] = exp[−ik · δr n (t)], in Eq. (1) for a fluid system with Newtonian dynamics, one gets a susceptibility with a maximum that increases as the square of the fluid's relaxation time and a dynamic correlation length that increases as the fluid's relaxation time. This behavior is a precursor of long-range density correlations that were predicted to exist in the glass due to a spontaneously broken translational symmetry at the microscopic level [3] .
Our findings open the way to examine both viscoelastic properties of glass-forming fluids and elasticity of glasses through the analysis of time-dependent particle displacements. This new, general approach requires much less computational effort than the standard approach based on the stress autocorrelation function. It should be especially useful for colloidal systems, in which positions of colloidal particles can be obtained via microscopy but inter-particle interactions are often not well characterized. Finally, this method reveals a direct connection between the viscoelastic response of supercooled liquids and spatially correlated, collective motions of particles.
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SIMULATION AND CALCULATION DETAILS
We simulated a 50:50 mixture of harmonic spheres introduced by Berthier and Witten [1] . Briefly, particles have equal mass m and the interaction potential is given by V nm (r) = 0.5✏ (1 r/ nm ) 2 for r  nm and 0 for r > nm , and n, m denote the type of particle. The parameters are 22 = 1.4 11 and 12 = 1.2 11 , which are chosen to inhibit crystallization. We present the results in reduced units where 11 is the unit of length, p m 2 11 /✏ is the unit of time, and 10 4 ✏ is the unit of temperature. We studied a density ⇢ = N/V = 0.675 for systems of 100 000 particles. We performed some longer simulations of 10 000 particles at T = 3 and T = 2 to verify some results. The box length for the 100 000 particle system is 52.913 and for the 10 000 particle system it is 24.56. Since the wave-vectors q have to be commensurate with the simulation box, these large systems are needed so we can obtain enough small wave-vectors to perform accurate fits to the four-point structure factor S 4 (q; t). For T 6 we performed NV E simulations. For T  5 we used an NV T ensemble with a Nose-Hoover thermostat since there was significant energy drift for T  5 for NVE simulations. We simulated the T = 3 and T = 2 glass in the NV T ensemble due to slow aging. To create the glass at T = 3 we cooled from T = 5 to T = 3 using a cooling rate of 1.33 ⇥ 10 7 for two 100 000 particle systems and one 10 000 particle system. To create the glass at T = 2 we took one 10 000 and one 100 000 particle simulation from the T = 3 simulations that were run for 1.75 ⇥ 10 9 time steps (t = 1.05 ⇥ 10 8 ) beyond the initial cooling and cooled them from T = 3 to T = 2 at the same rate. We performed the simulations using LAMMPS [2] , HOOMD [3] , and our in-house developed code.
SHEAR STRESS AUTOCORRELATION FUNCTION AND THE SHEAR MODULUS
We calculated the shear-stress autocorrelation function h xy (t) xy (0)i where
r ↵ nm is the ↵ component of the vector r n r m , r n is the position of particle n, and v ↵ n is the ↵ component of the velocity v n of particle n. We determined that the first term in Eq. (1) is negligible for the temperatures we studied, and the results shown in this note do not include this contribution. To calculate the viscosity we used the Green-Kubo relation
As an independent check of the shear modulus we calculated the expression derived originally by Squire et al. and used in recent theoretical [4] and simulational [5] investigations. The shear modulus is given by
where
and r
According to a recent theoretical analysis of the rheology of glasses [6] , in the glass phase Eq. (3) should be calculated in a specific ergodic component and then an additional average over di↵erent ergodic components should be performed. Our simulation of the glass is e↵ectively within a single ergodic component. We assume that that self-averaging allows us to drop the second averaging step. We note that this procedure is quite delicate near the glass transition. This may explain divergent results on the behavior of the glass shear modulus at the transition.
CONNECTING S4(q; t) AND THE SHEAR MODULUS
To connect the correlations of transverse displacements to the shear-stress autocorrelation function, we follow arguments similar to those presented by Klix et al. [7] Consider the transverse current j ? (q; t) = N 1/2 P n v ? n (t)e iq·rn(t) where v n is the velocity of particle n, and v ? n and q are chosen such that v ? n · q = 0. Then, define a correlation function h u q (t) u q (t)i where u q (t) = R t 0 j ? (q; t). By integrating R t 0 j ? (q; t) by parts it can be shown that lim q!0 h u q (t) u q (t)i is equal to lim q!0 S 4 (q; t) if the particles displacements are finite; as they are in the glass. Next, it can be shown that h u q (t) u q (t)i = 2 Z t 0 (t s)C t (q; s)ds
2 where C t (q; t) = ⌦ j ? (q; t)j ? ( q; 0) ↵ is the transverse current correlation function. To continue, we note that an exact equation of motion can be derived for C t (q; t) using the Mori-Zwanzig projection operator formalism, which reads dC t (q; t) dt + Z t 0 M (q; t s)C t (q; s)ds = 0.
In the q ! 0 limit the Laplace transform of ⇢k B T V q 2 M (q; t) is equal to the Laplace transform of the shear-stress autocorrelation function h xy (t) xy (0)i, see Sec. 9.3 of Ref. [8] . Note that we implicitly assume here that the shear stress tensor autocorrelation function calculated at a finite wave-vector q is continuous as q ! 0. Our preliminary simulation results are consistent with this assumption for the glass. However, the simulations suggest that the same function is discontinuous at q = 0 for the crystal. This intriguing di↵erence is left for a future study.
By examining the t ! 1 limit of C t (q; t) and h u q (t) u q (t)i, which is aided by taking the Laplace transform of Eq. (5), one can show that, in the limit t ! 1 then q ! 0, lim q!0 lim t!1 2k B T ⇢[S 4 (q; t)q 2 ] 1 = lim t!1 h xy (t) xy (0)i /(k B T V ) if the particle displacements are finite.
